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1 Riemann Integral

1.1 Defining the Integral

Definition 1.1. Let I be a nonempty, closed interval in R. A partition of I is a collection of nonempty
intervals {I, ..., I, } of almost-disjoint, nonempty closed intervals whose union is I.

In practice, if we let I = [a, b], then a partition would be determined by points {x;} such that:
a=29 <21 < .<Xp_1<Tp,=2>
In which I; corresponds with the interval [z;_1, z;].
Definition 1.2. For a partition P of an interval I, we denote:

M =sup f m = inf f My =sup f my = inf f
1 I I T

Definition 1.3. Given f : [a,b] = R and a partition P of [a,b] we define the upper Riemann sum of f
with respect to P as:

U(f,P) ="y My|Iy|
k=1

and the lower Riemann sum of f with respect to P as:
L(f,P) =" my|I]
k=1

Definition 1.4. Given f : [a,b] — R bounded, we define the upper Riemann integral of f as:

U(f) = jnt U(S.P)

and the lower Riemann integral of f as:

L(f) := sup L(f, P)
PeP

Where we define P as the set of all partitions of [a, b].

Definition 1.5. Given f : [a,b] — R bounded, we say that it is Riemann integrable if and only if
L(f) =U(f), and define its Riemann integral as:

b
| o =5 = U
Definition 1.6. A partition Q = {J1, ..., Ji} of [a,b] is a refinement of a partition P = {I3,...,I,} if
every interval Iy in P is the union of one or more intervals Ji from the partition Q.

Theorem 1.7. Let f : [a,b] — R be a bounded function and P and @ be partitions of [a,b], with Q
being a refinement of P. Then:

L(f,P) < L(f,Q) <U(f,Q) <U(f,P)
Theorem 1.8. Let f : [a,b] — R be a bounded function and P, Q two partitions of [a,b]. Then:
L(f,P) < U(f,Q)

Proof. We set R to be a refinement of P and @), by taking the union of all endpoints of both P and Q.
By the previous theorem applied to P, Q) and R, we obtain:

L(f,P) < L(f,R) <U(f,R) <U(},Q)
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Corollary 1.9. Given f : [a,b] — R bounded, we have:

L(f) <U(f)

Theorem 1.10. Let f : [a,b] — R be a bounded function. Then f is integrable if and only if for
Ve > 0,3 a partition P of [a,b] such that:

U(f,P)—L(f,P) <e

Theorem 1.11. Let f : [a,b] — R be a bounded function. f is integrable if and only if 3 P,,, a sequence

of partitions such that:

Definition 1.12. Given f : [a,b] — R, we say that f is continuous at x if Ve > 03§ > 0 such that:
y€laband |z —y[ <d = [f(y) - f(x)] <e

Definition 1.13. Given f : [a,b] — R, we say that f is uniformly continuous if Ve > 036 > 0 such
that:

z,y € [a,b] and [z —y| <6 = |f(y) — f(z)] <e
Theorem 1.14. Let f: [a,b] — R. f is continuous implies f is uniformly continuous.

Theorem 1.15. Let f : [a,b] — R be a monotonic function. Then it is Riemann integrable.

1.2 Properties of the Integral

Theorem 1.16. Let f,g : [a,b] — R be Riemann integrable functions, and ¢ € R. Then f + g,cf are
Riemann integrable functions, such that:

/abcf=c/abf /ab(f+g)=/abf+/abg

Theorem 1.17. Let f,g: [a,b] — R be Riemann integrable functions such that f < g. Then:

/abfﬁ/abg

Note: We can now see that if f =0, then clearly g >0 = [ ¢ > 0.

Corollary 1.18. Let f : [a,b] — R be integrable. Let m = inf f and M = sup f. Then:

b
m(bw)g/ f<Mb-a)

Corollary 1.19. Let f : [a,b] — R be a continuous function. Then J¢ € [a,b] such that:

o=y [

Note: We use the value ﬁ f; f to correspond to the average of f. Replacing f with the constant

given by - fj f gives the same value for the integral for both functions.

Theorem 1.20. Let f : [a,b] — R be an integrable function. Then |f| is integrable, such that:

I/abflé/ablf
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Theorem 1.21. Let f : [a,b] = R,c € (a,b). Then f is Riemann integrable on [a, b] if and only if it is
Riemann integrable on [a, ¢|] and [c, b]. Moreover:

c b b
Lrefo=]
Theorem 1.22. Let f : [a,b] — R be a bounded, Riemann integrable function and ¢ : R — R a
continuous function. Then ¢ o f is Riemann integrable.

Note: The composition of two Riemann integrable functions is not necessarily integrable.

Theorem 1.23. Let f,g: [a,b] — R be Riemann integrable functions. Then the product fg is Riemann
integrable. If in addition % is bounded, then g is Riemann integrable.

1.3 The Fundamental Theorem of Calculus

Theorem 1.24. Let F': [a,b] — R be a continuous function that is differentiable on (a,b) with F’' = f.
Assume that f : [a,b] — R is an integrable function. Then:

b
/ f(z)dz = F(b) — F(a)

Theorem 1.25. Let f: [a,b] — R be an integrable function and define the function F : [a, b] — R by:

F(zx):= /f’? f@)de

Then F' is continuous on [a,b]. If f is continuous at ¢ € [a, b] then F'(c) = f(c).

Theorem 1.26. Let f : [a,b] — R be an integrable function on [a, b] and continuous (from the right) at
a. Then:

1

lim —

K0 h

a+h
/ f(t)dt = f(a)

Similarly, if f is continuous (from the left) at b:

1/t
lim — f)ydt = f(b)

h—0 h b—h

We can also consider a family of intervals Ij, such that € I, |I| — 0 and (assuming f is continuous
at x):
1
lim — f)ydt = f(x)

h—0 |Ih| I

Theorem 1.27. Let f, g : [a,b] — R be continuous functions on [a, b] that are differentiable on (a,b),
and such that f’ and ¢’ are integrable on [a,b]. Then:

b b
/ f(2)g' (x)dx = f(b)g(b) — f(a)g(a) —/ f'(@)g(x)dx

Theorem 1.28. Let f : [a,b] — R be a differentiable function such that f’ is integrable on [a, b]. Let g
be a continuous function on f([a,d]), the image of [a, b] under the map f. Then:

b f(b)
/ o(f (@) f' (2)dz = / o(t)dt

f(a)



4 MA244 Analysis 111

1.4 Improper Integrals

Definition 1.29. Let f : [a,b] = R be a Riemann integrable function for every [c,b] with a < ¢. Then
the improper integral of f on [a,b] is defined as:

b b
/a f(z)dz = Elir(r)lJr /1+E flx)dx

Similarly, for a function Riemann integrable for every [a, c] with ¢ < b, we define:

b b—e
/ f(z)dx = lim f(z)dx

e—0t J,
If the limit is finite, the integral is said to converge, and diverge otherwise.

Definition 1.30. Let f : [a,b] — R be a function that is integrable on any closed interval not containing
¢ € [a,b], that is on all [a,c — €] and [c + §], for €, > 0 sufficiently small. Then we define the improper
integral of f on [a,b] as:

b c—e b
/ f(@)dx = lim f(@)dx + lim f(x)dx

e—=0t J, §—0+ c+5

Definition 1.31. Let f : [a,00) — R be an integrable function for every [a,y]. Then the improper
integral of f on [a,o0] is defined as:

/OO f(z)dx = lim yf(x)dx

Y—00 a

Similarly, for a function g : (—oo,b] — R is integrable for every [y, b], we define:

b b
/ g(z)dz = lim g(z)dz

Definition 1.32. Let f : R — R be a function that is integrable on any bounded interval [a,b]. Then
we define the improper integral of f on [a, b] as:

o] c b
/ f(x)dx:alirrolo/ f(:r)dx—i—Jiﬁm/ f(z)dx

where ¢ € R.

Note: Improper integrals form a linear space, i.e., if f, g are improperly integral on the same domain,
af + Bg is also improperly integrable Va, 5 € R.

1.5 The Cantor Set
Definition 1.33. The Cantor Set is defined as follows:

e Set CQ = [0, 1]

Set C; by removing the open interval (%, 2) from Cp, meaning C; = [0, ] U [2,1].

Inductively, given Cy, set Ci41 by taking each closed interval in C} and removing the open middle
third interval, of length 3,6%, from it.

The Cantor Set, C' is given as the limit of these sets, i.e.:

C:=1lmCy = ) Cx
k=1
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Definition 1.34. The Dewvil’s Staircase function is the function defined as follows:
o Set fo(x) = .

e Set f1 as follows:

%x z€[0,3]
fi(@) =143 z € [3,3]
1+3(x-2) zeli ]
e Inductively, given fi, set fr41 as follows:
1 fa(32) z€0,3)
fal@) =143 z€(3,3)
1411382 -2) zel? ]

Theorem 1.35. The limit of the sequence (f,) exists and is continuous with f(0) = 0 and f(1) = 1.

2 Sequences and Series of Functions

2.1 Pointwise and Uniform Convergence

Definition 2.1. Let (f,)52; be a sequence of functions, with f, : Q@ — R. We say that (f,,) or f,
converges pointwise to f : Q — R if and only if for every z € Q, we have lim,_, fn(z) = f().
Pointwise convergence is denoted by f, — f.

Note: Pointwise limits of sequences of continuous functions need not be continuous.

Definition 2.2. Let f, : & — R be a sequence of functions. We say that (f,,) converges uniformly to
f:Q —= Rif and only if Ve > 03N € N such that |f,(z) — f(z)] < eVz € Q and Vn > N. Uniform
convergence is denoted by f, = f.

Definition 2.3. We define the following norm:
[flloo = sup |f ()|
€N

As a norm, || - ||infty holds the following properties:
 [|flle =0,
o [Mooll = Ml flloc, VA € R,
o [/ +3lloc < [[flloc + llglloo-

Note: From this notation, we have:
fn=3f < Ve >0,3N such that ||, — flleo <eVR >N

Definition 2.4. A sequence (f,) of functions in € is called uniformly Cauchy if and only if Ve > 03N €
N such that || fn, — finlloo Y7, m > N.

Theorem 2.5. A sequence (f,) is uniformly convergent if and only if it is uniformly Cauchy.

Theorem 2.6. Let (f,,) be a sequence of continuous functions in §2 that converges uniformly to f: Q —
R. Then f is continuous.

Theorem 2.7. (Cp; || - |lo) is @ complete space, i.e., every Cauchy sequence converges to a continuous
bounded function.

Theorem 2.8. Let (f,), f : [a,b] =& R be Riemann integrable functions that converges uniformly to
f:]a,b] = R. Then f is Riemann integrable and [ f, — [ f.
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Definition 2.9. Given f: Q) C R? — R, we say that f is continuous at x if Ve > 03§ > 0 such that:
yeQand |z —y[<d = [f(y) - f(z)| <e

Theorem 2.10. Given f: Q C R? — R, we say that it is uniformly continuous if Ve > 035 > 0 such
that:
z,y€Qand [z —y[ <6 = [f(y) - f(z)| <e

Theorem 2.11. Let f: Q C R? — R be a continuous function. Assume that € is closed and bounded.
Then it is uniformly continuous.

Theorem 2.12. Let f: [a,b] X [¢,d] — R be a continuous function. Define:

I(t) ::/ f(z,t)dx

is a continuous function in [c, d].

Theorem 2.13. Let f, %{ be continuous functions on [a, b] X [¢,d]. Then, for t € (¢, d):

d [ b0
&/a f(:z:,t)dx:/a F{(x,t)dx

Theorem 2.14. Let f : [a,b] X [¢,d] — R be a continuous function. Then:

Lb(1?f@4ﬁ@0d$=1ld(Zﬁf@dﬁﬁody

Theorem 2.15. Let (f,,) be a sequence of C! functions on [a,b]. Assume f, — f pointwise and that
f/, converges uniformly to g. Then f is C* and g = f’ or f,, — f'.
2.2 Series of Functions

Definition 2.16. Let (fx) be a sequence of functions fi : 2 — R. Let (S,,) be the sequence of partial
sums, with S, : Q — R defined by:

Su(@) =3 fila)
k=1

Then the series:
o0
> frl@)
k=1

converges pointwise to S : Q@ — R on Q if S, — S pointwise on Q and uniformly to S on Q if S,, = S
uniformly on Q.

Theorem 2.17. Let (fx), with fi : [a,b] — R, be a sequence of integrable functions. Assume that
Sp = > p_y fr converges uniformly. Then > ., fx is Riemann integrable and:

/gfk:kijl/fk

Theorem 2.18. Let (f;), with fi : [a,b] — R, be a sequence of Cy functions such that S, = >7_, fx
converges pointwise. Assume that Y ;'_, f. converges uniformly. Then:

o0 / o0
(X r@) =3 fito)
k=1 k=1
Theorem 2.19. The Weierstrass M-test: Let (f;) be a sequence of functions f, : Q@ — R, and

assume that V&3 My > 0 such that |fi(z)] < M Ve € Qand Y7~ My < co. Then Y 7o, fi converges
uniformly on €.
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2.3 Absolute Continuity

Definition 2.20. Let I be an interval in R. A function f : I — R is increasing if f(z) < f(y) whenever
x,y € I,z < y and similarly, is decreasing if f(x) > f(y) for the same z,y. A function is monotone if
it is either increasing or decreasing. A function is strictly increasing/decreasing/monotone if we replace
the inequalities in the previous definition with strict inequalities.

Theorem 2.21. Let f : [a,b] — R be an increasing function. Then f is differentiable almost everywhere.
Moreover:

b
[ F@is < 10) - f@
Definition 2.22. Given f : [a,b] — R, the total variation of f over [a,b] is:
Vfi=sup{>_|f(x;) — fzi1)[}
i=1

where the supremum is taken over all possible partitions of [a,b]. A function f is of bounded variation if
V f is finite.

Theorem 2.23. A function f : [a,b] — R is of bounded variation if and only if f is the difference of
two monotone functions on [a, b].

Definition 2.24. A function f : [a,b] = R is absolutely continuous if Ve > 03§ > 0 such that:
D1 bi) = fla] <«
i=1

for all n and every disjoint collection of intervals (a1,b1), ..., (an,by) with > | b, — a; < 6.
Theorem 2.25. Let f : [a,b] — R be continuous and increasing. The following are equivalent:
e f is absolutely continuous on [a, ]
e f maps sets of measure 0 to sets of measure 0

e f is differentiable almost everywhere on [a,b], f € L' and:
x
| 1= 1@ - 1@
a

3 Complex Analysis

3.1 C Review

Definition 3.1. For z = z + iy, we have:
e C={z=2x2+iy:x,y € R}, where i> = —1
e Rez=2z,and Imz =y.
e Z = x — iy, the complex conjugate of z.

e |z| = /22 + y2, the norm of 2.

Definition 3.2. We say that (z,)22; C C converges to z if and only if lim,_,o |z, — 2| — 0, ie.,
Ve > 03N > 0 such that |z, — 2| < e¥Vn > N.

Definition 3.3. We say that Q C C is open if and only if V& € Q3r > 0 such that B,.(z) = {z € C:
|z — x| <7} C Q. We say that Q is closed if and only if Q° is open.
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Definition 3.4. A set K C C is sequentially compact if and only if every sequence (z;);eny C K has a
convergent subsequence (xj(t))leN whose limit is in K.

Definition 3.5. Given f: Q C C — C we say that it is continuous at zg € Q if and only if Ve > 0346
such that |z — zo| < 6, with z € Q implies that |f(2) — f(z0)] < €.

Definition 3.6. Let 2 C C be an open set and zy € ). We say that f is complex differentiable at z if
and only if the limit:
flz+h) - f(z)
h

lim
h—0

exists. We denote this limit by f/(z).

Definition 3.7. We say that f : Q — C is analytic/holomorphic in a neighbourhood U of z if it is
complex differentiable everywhere in U. We say that f is entire if it is analytic in the whole of C.

Theorem 3.8. Let f: Q C C — C with Q open. f is complex differentiable of z = a + ib € Q if and
only if f, when considered as a map from Q C R? — R? (f(z) = u(2) + iv(z), where u and v are real
valued functions) has a differential at the point (a,b) that satisfies the Cauchy-Riemann equations:

Ug = Uy Uy = — Uy

Theorem 3.9. Let f,g: Q2 C C — C be complex differentiable functions. Then (assuming g # 0 in the
third expression, we have the familiar expressions:

L9719 gy = e

Fra)=F+d (fo) =Fg+fd (;) :

3.2 Power Series

Definition 3.10. The series Y - a, € C is convergent if and only if the sequence Sy = > 7 is
convergent in C.

Definition 3.11. The series ZZO:O Gyn, wWith a, € C is absolutely convergent if and only if the series
oo o lan| is convergent.

Theorem 3.12. Ratio Test: Consider Y~ a,. Then:

e If limsup lans] 1, then > ° ; a, is convergent.

lan|

e If limsup lansi] 1, then > °  a, is divergent.

mnl
Theorem 3.13. Root Test: Consider ) ° ;a,. Then:
e If limsup |a,|'/™ < 1, then 3°° , a,, converges.
e If limsup |a,|'/™ > 1, then 307 a, diverges.

Theorem 3.14. Given (a,)7%, 3R € [0,00] such that Y °  a,z" converges V|z| < R and diverges

V|z| > R. Furthermore:
1

~ Timsup |an| /"

Theorem 3.15. Let a, # 0Vn > N, and assume that lim |°T"+|1| exists. Then Y > a, has radius of

An
lan|
lansa]”

convergence R = lim

Theorem 3.16. Let ) - a,z" have radius of convergence R. Then for |z| < R the function f(z) :=
oo ganz™ is differentiable and:

fl(z) = Znanznfl
n=0



MA244 Analysis IIT 9

Corollary 3.17. Let ZZO:O a,z"™ be a power series with radius of convergence R > 0. Then f(z) :=
ZZO:O anz™ is infinitely differentiable and moreover:

f™0)=a,n!  n=0,1,2,...

Theorem 3.18. Let > 7 a,2" be a power series with radius of convergence R > 0. Then for every
r < R the sequence of functions:

k
fr = Z apz"”
n=0

converges uniformly in |z| < r.
Definition 3.19. We define the following power series for z € C:
o =300 e
—1 n
e cos(z) =), ((27))122"
e cosh(z) :=>7" ﬁz%
. _1)"
o sin(2) == > 7 ((2n+)1)122n+1
e sinh(z) =37 mzzn"'l

Proposition 3.20. The following identities hold V z € C:

el 4 2 e* + e * ) ez _ iz e? — e~
_— cosh(z) = ———— _— -
2 2

cos(z) =
Note: The following relationships are evident:
cos(iz) = cosh(z) cosh(iz) = cos(2) sin(iz) = isinh(z) sinh(iz) = isin(2)

Theorem 3.21. The exponential function e* satisfies the following properties:

o FTW =¢eWV 2 w e C.

e ¢F £0VzeC.

e ¢ =1 if and only if 2 = 2kwi for k € Z, and as a result, e*T* = ¢? if and only if w = 2kmi, k € Z.
Definition 3.22. We define, for z # 0:

arg(z) = {0 € R : 2 = |z]e?}

Proposition 3.23. Properties of arg(z):

o arg(az) = arg(z)Va > 0,

o arg(az) =arg(z) +m={0+r:0 € arg(z)}Va >0,

o arg(z) = —arg(z) = {—0: 0 € arg(2)},

o arg(L) = —arg(2),

o arg(zw) = arg(z) + arg(w) = {0+ ¢ : 0 € arg(z), ¢ € arg(w)}.
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3.3 Complex Integration and Contour Integrals

Definition 3.24. For a function f : [a,b] — C, we define:

/ab F(t)dt = /ab Re f(t)dt + i /b Im f(t)dt

a

Proposition 3.25. For every f, g : [a,b] = C and every a, § € C, we have:

o [Vlaf +Bgldt=a [ f(t)dt+ B [} g(t)dt,

o [Vr(t)dt = [0 F(®)dt,

b b
o | [, f(W)dt] < [ [f(t)ldt.
Definition 3.26. Given a function f : @ C C — C along the path I' C © C C parameterised by
v : [a,b] = C is given by:

b b b
/F fdz= [ Flv) (bt = / Re (f(7(t)'(£))dt + i / T (f (4 (£))/ (1)) dt

Definition 3.27. If T" is a union of n curves I';, then we can define:

/Ffdz::é/rjfdz

Lemma 3.28. Let I' C C be a curve, parameterised by v : [a,0] — C, so ¥([a,b]) = T. Given
fQcC—-C

e If v~ represents the parameterisation of y in the opposite direction, then:

[or==l

If a curve I' has attached a sense of direction, we will call it a directed curve. In this case we will
use —I'" to denote the same curve swept in the opposite direction. Thus, reformulating the above:

/Fdfz:—/_rfdz

o If7: [a, B] — C is another parameterisation of I' that preserves the orientation, then:

[=17

We refer to this fact as reparameterisation invariance.

Definition 3.29. Given f : C — C and a curve 7 : [a,b] — C, we define:
b [
fdz:= [ f(y () (t)dt

vy a

Note: In general:

Instead, we have:
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Theorem 3.30. Assume that F': Q C C — C is analytic and set f(z) = £, Let v : [a,b] = Q be a
curve. Then:

/ fdz = F(3(b)) — F(7(a))

Proposition 3.31. For a function f = u + iv and a curve y(t) = v1(t) + iy2(t), we have:
/ fdz = circulation(f) + iflux(f)
.

Where we have the vector field f = (u, —v) and the definitions for circulation and flux are taken from

MA259 Multivariable Calculus.

Theorem 3.32. A set Q2 C C is connected if it cannot be expressed as a union of non-empty open sets
Q1 and Qs such that Q3 N Qs = . An open, connected set Q C C is called simply connected if every
closed curve in §2 can be continuously deformed to a point. To put it simply, a simply connected domain
has 'no holes’.

Theorem 3.33. Cauchy’s Theorem: Let f: Q2 — C be an analytic function, with €2 an open, simply
connected domain. Let v be a C' closed curve in €. Then:

/vf(z)dz =0

Theorem 3.34. Let Q C C be a region bounded by two simple curves v; (the exterior curve) and 7
(the interior). Assume they are oriented positively, and let f be an analytic function in Q U~y U .

Then:
/ fdz+/ fdz=0
Y1 Y2

Similarly, if we denote by 7, the anti-clockwise parameterisation, then the result can be rephrased as:

/71 fdz = . fdz

Definition 3.35. Given a simple closed C! curve v we denote by I(v) the interior region to . We
denote by O(v) the exterior region to .

Theorem 3.36. Let v : [a,b] — C be a positively oriented simple closed C! curve. Assume that f is
analytic in v and on the interior of v, I (). Then:

f(z):ﬁ/i(iu)zdw Vzelly)

Theorem 3.37. Let v : [a,b] — C be a positively oriented simple closed C! curve. Assume that f is
analytic in v and on the interior of v, I(y). Then f(")(z) exists Vn € N and the derivative is given by:

f(n)(z)m/(wf(;;)()nmdw Vzel(y)

2w
Theorem 3.38. Taylor Series Expansion: Let f be an analytic function on Br(a) for a € C,R > 0.
Then 3! constants ¢, ,n € N such that:

oo

f(z)=> calz—a)"  Vz€ Br(a)

n=0
Moreover, the coefficients ¢,, are given by:

LY U P el

~2mi ), (w—a)rt? n!

where v is any positively oriented simple closed curve that is contained in Br(a).
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Theorem 3.39. Liouville’s Theorem: Let f : C — C be an analytic, bounded function. Then f is
constant.

Theorem 3.40. Fundamental Theorem of Algebra: Every non-constant polynomial p on C has a
root, that is 3a € C such that p(a) = 0.

Theorem 3.41. Let f,, : @ — C be a sequence of analytic functions on an open set . If f,, converges
uniformly to f, then f is analytic.

ANOTHER DISCLAIMER: Please note that this guide is a list of the key definitions and theorems
you should be able to recall and utilise throughout the module. Proofs, calculations and examples, whilst
omitted, are also very important for not just preparing for the exam but for preparing you for later
modules in your degree. We highly recommend that you don’t just use this guide as your sole revision
resource. Please refer back to the printed lecture notes and your own notes for a full comprehension of
the module, as this guide is more for helping factual recall, rather than understanding.
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